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Analog computations based on spatial Fourier filtering in a 4/-system enable the approaches of mathematical
operations on images entirely optically, providing their pre-digital processing at high speed. Conventional
implementations based on refractive elements are bulky and challenging from the standpoint of scalability.
Due to efficient wavefront control, optical metasurfaces make it possible to replace such elements with planar
nanostructures, ensuring compactness and subwavelength resolution in controlling the amplitude and phase
of light. In this paper a comparison is carried out between pixel-based and gradient-based design approaches
for optical metasurfaces based on gallium arsenide nanorings for spatial differentiation. In the pixel-based
algorithm, each region of the metasurface (pixel) is considered as a square periodic lattice of identical nanore-
sonators. The gradient-based algorithm enables topology optimization by smoothly varying the size of nanor-
ings across the metasurface. Despite the assumption that the gradient approach minimizes the artifacts inher-
ent in pixel-based structures and ensures a more accurate matching with the required mathematical opera-
tion, the pixel structure demonstrates a Pearson correlation coefficient with the theoretical dependences that

is 6—8% higher than that of the gradient structure.

DOI: 10.1134/50021364026601624

1. INTRODUCTION

The development of analog optical computing is
closely associated with the concept of spatial Fourier
transformation. This common method is employed to
solve tasks such as edge detection, correlation analysis,
and denoising. The Fourier transform performed by a
lens provides the decomposition of the electromag-
netic field into a plane waves basis, thereby enabling
the application of a range of linear operators to images
without digitization [1—6]. This approach has not
become widely used due to the large size of traditional
optical components, as well as the challenges associ-
ated with scaling such systems up to industrial levels.

To overcome these limitations, it has been pro-
posed to use two-dimensional arrays of nanostruc-
tured materials named metasurfaces capable of local
modifying the parameters of incident electromagnetic
radiation. Such devices are characterized by small
thickness, compatibility with modern fabrication
technologies, and the possibility of integration into
photonic devices. Metasurfaces enable control over
the wavefront, polarization, and spectrum at a thick-
ness comparable to the wavelength of light [7—18].
This has enabled the development of compact ele-
ments for solving a wide range of optical problems,
including the implementation of analog computations
that realize operations such as differentiation, spatial
frequency filtering, or convolution [4, 19—23].
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Many previously demonstrated metasurfaces are
based on a pixelized architecture [12, 24, 25], in which
nanoresonators within a single pixel have identical
shape and, consequently, the same optical response.
Such structures possess a number of advantages; in
particular, determining their response does not require
a large amount of computational resources. However,
such discretization leads to a stepwise profile of the
phase and transmission function and, as a conse-
quence, to a coarse approximation of continuous
operators. Attempts to reduce the pixel size in order to
improve approximation accuracy lead to changes in
the response of each individual pixel due to a violation
of periodicity and an increase in the contribution of
boundary-induced artifacts to the resulting field.
These factors significantly reduce the accuracy of ana-
log operations.

To overcome the limitations, approaches to meta-
surface topology design based on numerical optimiza-
tion methods and machine learning algorithms are
currently being actively developed [26—29]. Such
methods make it possible to account for the complex
nonlinear relation between the shape parameters of
nanoresonators and the transmission, reflection, and
phase shift of light. At the same time, these methods
have significant drawbacks. In particular, the optimi-
zation result often strongly depends on the definition
of the initial point, and the optimization itself is local
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in nature, which complicates the search for a globally
optimal solution. Moreover, full-structure simulation
requires substantial time and computational
resources; therefore, the practical implementation of
such approaches is feasible only with the use of high-
performance computing clusters.

An alternative approach is the gradient approach,
in which the lattice period remains fixed while the
shape of the resonator changes continuously. Gradient
metasurfaces have demonstrated their effectiveness
across a broad range of photonic applications. In non-
linear optics, gradient metasurfaces made it possible to
realize optical harmonic generation over a wide spec-
tral range [30] and to control the direction of nonlin-
ear radiation [31]. In sensing applications, such struc-
tures have enabled the creation of multispectral plat-
forms for the analyzing of biological samples, thereby
opening the way to the development of portable
devices for rapid diagnostics. In particular, gradient
metasurfaces enable the analysis of molecular absorp-
tion bands [32], improve the results of IR spectros-
copy [33], and determine nucleotide sequences [34].
In wavefront shaping applications, this principle
underlies structures such as flat lenses [35], holo-
graphic elements [36], and devices for controlling the
propagation direction of light beams [37]. From the
point of analog optical computing, the gradient
approach avoids the problems of pixel metasurfaces, in
particular edge effects and limitations associated with
low spatial resolution, thereby realizing a smooth
complex transmission function of the structure. In
addition, the continuous variation of shape parame-
ters allows obtaining smooth and more fabrication-
feasible structures, while also simplifying the incorpo-
ration of fabrication-related constraints. At the same
time, this approach is more computationally efficient
than methods that optimize the topology of the entire
structure, which makes it promising for metasurface
design problems.

This article compares the pixel-based and gradient-
based approaches to the design of gallium arsenide-
based metasurfaces for implementing spatial differen-
tiation in a Fourier filtering scheme. In the pixel-based
approach, the metasurface is divided into discrete
regions (pixels), within each of them nanoresonators
with identical shape parameters are used in a periodic
array. The dependences of the transmission coeffi-
cient and phase shift on the topology of the nanoreso-
nators for each individual pixel are obtained by the
finite-difference time-domain (FDTD) method
under periodic boundary conditions for a unit
nanoparticle. The gradient-based approach is relying
on the same dataset of transmission and phase data,
although the periodicity conditions are violated as a
result of the smooth variation of the shape parameters
of the nanoresonators. The obtained data are approx-
imated using a fully connected neural network to con-
struct a smooth amplitude-phase dependence of the
response on the shape parameters of the nanoresona-
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tors, after which the metasurface topology is deter-
mined using global stochastic optimization by the dif-
ferential evolution method.

2. RESULTS

To implement fully optical differentiation of the
input image along the x axis in a Fourier filtering
setup, the input amplitude distribution f(x,y) is
placed in the front focal plane of the first lens, while
the metasurface is positioned in the joint focal plane of
the two lenses, which realize the complex transmission

filtering T (u,v), where (u,v) denote the coordinates in
the focal plane of the lenses (Fig. 1). The output field
in the back focal plane of the second lens is deter-
mined by the relation

g(x,y) = F{ T, F{f(x, )} ], (1)

where F denotes the forward Fourier transform per-
formed by the lens. To perform differentiation in this
scheme, the transmission function is

7’%(”’ V) — 7-6(“’ V)eiA(pO(u,v) o |u|eisgn(u)n/2, (2)

subject to 7; <1 and the finite size of the structure.
The field at the output of the system will be the deriv-
ative of the input field distribution inverted with
respect to the principal optical axis of the lens:

af(—x, _y) (3)
dx '

The metasurface with a size of D =110 wm is a
square lattice of unit cells with a period a. The nanore-
sonators have a ring shape with an outer diameter d
and an inner diameter b, a height of # = 150 nm, and
are embedded in SiO,. This shape is subject to less
deformation during fabrication than rectangular
designs, and at the same time has two independent
degrees of freedom (inner and outer diameters), which
allows for more precise tuning of optical characteris-
tics compared to discs.

For the determination of the metasurface topology,

a dataset of complex transmission coefficients was
obtained:

g(x,y) x

T(a,d,b) = T(a,d,b)e"* """, 4)

where T'(a,d,b) and Ag(a,d,b) are the transmission
and the phase shift of the transmitted wave, respec-
tively. The dependences 7T'(a,d,b) and Ag(a,d,b) were
calculated using the FDTD method for a single unit
cell with a period a €[300,550] nm, modeled as part
of an infinite square array of nanoring resonators with
outer diameter d €[250,400] nm, and inner diameter
b €[0,250] nm, using periodic boundary conditions.
This approach corresponds to the local periodicity
approximation and substantially reduces the compu-
tational cost of obtaining a dataset of the periodic
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Fig. 1. Optical setup of Fourier filtering is a 4f system: the metasurface is positioned at the focal plane of both lenses, the input
image is located in the front focal plane of the first lens, and the output image is detected in the back focal plane of the second
lens. Two types of metasurfaces are used for filtering: a pixelized one (shown at the bottom left) and a gradient one (at the bottom
right). Both metasurfaces consist of GaAs nanorings of varying size, as illustrated in the insert on the right.

array of nanoresonators response required for the sub-
sequent optimization of the metasurface topology.

Two-dimensional cross sections of the transmis-
sion T and the phase shift, plotted in the (a,d) and
(d,b) planes for fixed values of » =0 nm and a =
545 nm, respectively, are shown in Fig. 2. Resonant
features in the transmission and phase shift spectra are
aresult of the excitation of Mie-type resonances in the
nanorings. The transmission has minima caused by
spectral overlap of the electric dipole (ED), electric
quadrupole (EQ), magnetic dipole (MD), and mag-
netic quadrupole (MQ) resonant modes. A small vari-
ation in the shape of the nanoresonator causes the
phase shift to change sharply by values up to 2m. As the
hole size in the rings increases, the coincident reso-
nant modes split into pairs of ED+MQ and MD+EQ,
resulting in the appearance of two diverging low-pass
branches and the absence of the 2;t phase shift. The
resulting resonance dependences make it possible to
implement a wide range of switchable amplitude-
phase Fourier filters.

To obtain an approximation of T(a,d,b) and
Ag(a,d,b), two regression models were trained in
PyTorch for the transmission 7" and the phase shift
Ag(x). The output vector of the neural network was
formed from the pair (cos Ag,sin Ap), as a result of
which the output vector was insensitive to phase differ-
ences on the edges of range [0, 2x]. The input vector
was linearly scaled to the range [—1, 1]. The training
dataset of 240 thousand rows was divided into training
and test sets in a 3:1 ratio. The training set was used to

optimize the model parameters, while the test set was
used only to control the quality of training. The train-
ing dataset was divided into batches with 512 rows
for transmission and 1024 rows for phase shift, and at
each step a forward pass through the batch, loss com-
putation, backpropagation, and weight update were
performed. The Adam optimizer with a learning rate
of 10~3 was used for parameter updating, and the mean
squared error (MSE) was employed as the perfor-
mance criterion. As a result of training over
500 epochs, RMSE values of 0.16 for transmission and
0.23 for phase were obtained on the test datasets,
which confirms sufficient approximation accuracy for
the use of the model in the inverse problem of meta-
surface topology optimization.

The inverse problem was formulated as the search
for a set of shape parameters that provide proximity
between the predicted values (7,Ag) and the target
profiles (7j, Ap,). In addition to the constraints set by
the boundaries of the calculated parameters a, d and
b, data rows satisfying the conditions a < d + 50 nm
and d < b + 50 nm, were excluded from further con-
sideration. This is caused by the technological limita-
tions of electron-beam lithography, which is used to
fabricate such type of nanoresonators.

Additional global parameters were used in the opti-
mization: the overall phase shift Ag, and the scaling
factor ¢, €[0.7,1.0], which were optimized jointly with
the shape parameters. The overall phase shift Ag, was
introduced to account for the uncertainty in the initial
phase of the wave.
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Fig. 2. (Color online) Transmission 7'and phase shift Ag of the metasurface as functions of the outer diameter d of the nanorings,
their inner diameter b, and the lattice period a, obtained using a neural-network model trained on the results of FDTD simu-
lations. Top row: dependence on the period a and diameter d for GaAs nanodisks. Bottom row: dependence on the inner diam-
eter b and outer diameter d for metasurfaces with a fixed lattice period ¢ = 545 nm.

The function A, minimized in the 2N + 3-dimen-
sional space (a, d,, ..., dy, b, ..., by, @_, 1), was
defined as

N
A=Y (T(a,d,b)" + ¢, Tyw))’
i=1

- 27(a,d,, bi)tzﬂ)(ui)
xcos(Ap(a,d;, b)) — Agy(u;) — Ag,)).

Here, u;, = ﬁ(i +1-[N /2]), [...] is the integer part,

D isthe size of the metasurface. Optimization was per-
formed using the differential evolution method for
N =11 on asampled set of 200 points over 5000 itera-
tions. Next, based on the optimized period a, the
number of nanoresonators in the metasurface was
determined, after which the values of d and b for all
nanoresonators were determined using linear interpo-
lation. The optimization results are shown in Fig. 3.
The red points, corresponding to the optimized shape
of the nanoresonators at a given coordinate u, partially

(&)

coincide with the theoretical dependence T'(u,v),
marked by the black curve. The blue curve indicates

JETP LETTERS Vol. 124 No.2 2026

the transmission and phase shift values corresponding
to the pixel metasurface. The deviations in the central
part of the plot at low transmission values are caused
by the optimization function, in which values with
lower transmitted light field amplitudes are given less
weight during optimization.

To verify the optimization results, a full-wave
FDTD simulation was performed to model the propa-
gation of a Gaussian light beam with a width of 1.23 mm
(Fig. 4, gray dashed curve) through the optimized gra-
dient metasurface at a wavelength of A = 850 nm for
two linear polarizations: along the x axis and along the
y axis. At the output of the 4fsystem, the distribution

of the square of the field magnitude |E,,(x)], which,
for a differentiation operation, should reproduce the
square of the modulus of the derivative of the input
field, i.e., have a distinctive double-lobed shape for a
Gaussian input beam (Fig. 4, gray solid curve). The
quantitative agreement of the simulation results with
the theoretical dependence was estimated by the Pear-
son correlation coefficient between the normalized
cross-sectional areas of the square of the electric field
magnitude in the output images. For comparison with
traditional approach, a pixel-based metasurface was
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Fig. 3. (Color online) (Black curve) Theoretical and (red
circles) optimized (top panel) transmission coefficient and
(bottom panel) phase shift versus the coordinate of the
metasurface. The blue curve indicates the transmission
coefficient and phase shift for the corresponding pixel
metasurface.

modeled in which the nanoresonators within a single
pixel are identical, and the required transfer function is
approximated by a step profile (see Fig. 3, blue curve).
Similar nanorings were used as resonators in the pixel
implementation, and optimization was performed for
the parameters a, d, and b within the same ranges.

A full-wave FDTD calculation for a gradient meta-
surface with x-polarized wave shows a correlation
coefficient of 82% with the theoretical dependence,
while for a pixel metasurface, it is 88%. Under the
same conditions for y-polarized wave, these values are
87 and 95% for the gradient and pixel metasurfaces,

respectively. Cross sections of the resulting |E|” distri-
butions along the x axis are shown in Fig. 4: solid
curves correspond to y-polarization, dashed curves to
x-polarization; red curves correspond to the gradient
metasurface, blue curves to the pixel metasurface.

Despite the noticeable difference between the
pixel-based transmission function and a smooth gra-
dient-based function, the discretization of the Fourier
filter did not result in any significant distortion of the
final field distribution. Moreover, for both polariza-
tions, the gradient metasurface exhibited a lower cor-
relation coefficient than the pixel-based one. This is
due to the fact that, in this case, the gradient of the
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Fig. 4. (Color online) Cross section of the square of the
electric field magnitude of the output image after process-
ing by the (red curve) gradient and (blue curve) pixel meta-
surfaces, respectively, compared to the (gray solid curve)
required theoretical dependence. The square of the electric
field magnitude of the input image is indicated by the gray
dashed curve. The values are normalized to the maximum

|E)? of each curve.

shape parameters was quite large: for the gradient
metasurface, this led to a significant violation of the
periodicity conditions and, consequently, to great
variation of the response. In the pixel metasurface, by
contrast, the optical response was determined by
strictly periodic conditions, and despite the pixel size
limitation, the resulting field distribution exhibited a
higher level of correlation.

In the case of y-polarized light, the correlation
coefficient between the calculated and theoretical
field distributions is higher than for x-polarized light.
This is because for y-polarized light the direction of
the field vector E coincides with the direction along
which the periodicity of both the pixel gradient struc-
tures is preserved. As a result, the translational sym-
metry of the field along this direction remains invari-
ant. For x-polarization, which is perpendicular to the
direction of periodicity preservation, the local field
between nanoparticles in a gradient metasurface varies
with changes in the parameters of the surrounding
nanoresonator shape, whereas in a pixel metasurface,
it changes abruptly at pixel edges. The change in the
local field occurring along the direction of the period-
icity break leads to a distortion of the metasurface’s
amplitude-phase profile and a decrease in the correla-
tion coefficient.

3. CONCLUSIONS

An approach is proposed for designing a gradient
metasurface based on gallium arsenide nanoring reso-

JETP LETTERS  Vol. 124  No.2 2026
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nators to implement spatial optical differentiation in a
4f-system Fourier filtering scheme. It is shown that the
use of a dataset of periodic cell response, a neural net-
work approximation, and optimization via the differ-
ential evolution method allows for the creation of an
amplitude-phase profile close to the target transfer
function. The results of full-wave simulations demon-
strate that, within the scope of this problem, the gradi-
ent metasurface is less accurate than the pixel-based
metasurface in performing mathematical operations.
A decrease in the correlation coefficient is observed
for both linear polarizations of the incident radiation
and is explained by the fact that, at large gradients of
shape parameters, the applicability of the local period-
icity approximation is disrupted. A dependence of the
accuracy of the operation on the uniformity of the
near-field distribution, caused by different polariza-
tion directions of the incident light, has been identi-
fied. The results show the limitations of the quasi-
periodic approach in the synthesis of gradient meta-
surfaces for analog optical computing tasks.
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