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ABSTRACT: We study the third-harmonic generation from
metal−dielectric−metal layered ﬁshnet metamaterials and
identify experimentally the multipolar contributions to the
generated nonlinear harmonic ﬁelds by analyzing the radiation
patterns of the emission. We observe that the third harmonic
radiated from the ﬁshnet structure is a result of the
interference of the electric and magnetic dipoles and the
electric quadrupole modes. Our results provide direct evidence
of the importance of higher order multipoles in the nonlinear
response of ﬁshnet metamaterials, opening new opportunities
for enhanced nonlinearities and controlled directionality of nonlinear processes in metamaterials.
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While more accurate models taking into account the
multipolar contribution of the nonlinear response have been
explored theoretically,10,11 the experimental techniques for such
nonlinear multipolar analyses remain underdeveloped. This is
an enduring problem, and a number of indirect techniques have
been tested. It was possible to derive the multipolar
contribution of the SHG process in plasmonic metasurfaces
through the analysis of the nonlinear interference in forward/
backward directions and for diﬀerent incident polarizations.12−15 Other indirect techniques also include noncollinear
SHG16 and multipolar decomposition through analyses of the
broad spectrum nonlinear response of magnetic plasmonic
metasurfaces.17 However, the direct measurement of the
diﬀerent multipolar contributions from metamaterials with
deﬁned magnetic response has not been demonstrated to date.
Here, we demonstrate the direct experimental analysis of the
multipolar origin of the third-harmonic generation (THG)
from metamaterials with magnetic response. In particular, we
measure, by a Fourier imaging technique, the radiation pattern
of the THG from an optical metal−dielectric−metal ﬁshnet
metamaterial in the spectral vicinity of its optically induced
magnetic resonance. Fitting the measured radiation pattern to
the radiation patterns of diﬀerent multipolar contributions from

onlinear metamaterials and metasurfaces have recently
attracted great attention1,2 due to new possibilities for
engineering their nonlinear optical response3 and hence
attaining enhanced actions based on magnetic-type nonlinearities.4 In particular the interference between the electric
and magnetic nonlinear contributions can lead to unidirectional
harmonic generation even from an ultrathin metasurface.5
Enabling such unidirectional emission would open a new range
of applications, such as nonlinear mirrors for lasers, nonlinear
luminescent markers for sensing, and nonlinear holography.
To explore these unique opportunities in metamaterials, a
number of works have studied the possibilities to quantify the
electric and magnetic contributions in optical harmonic
generation and hence to control the directionality of the
nonlinear emission. Optical second-harmonic generation
(SHG) has been studied in split-ring resonator metasurfaces,6,7
where the magnetic contribution of the SHG was derived from
an equivalent circuit model. Further, nonlinear spectroscopy of
ﬁshnet metamaterials has been performed,8 indicating the
electric dipole nature of the harmonic emission. Most recently,
the nonlinear properties of metamaterials have been studied in
the context of Miller’s rule, aiming to obtain the nonlinear
susceptibilities of metamaterials from their linear properties.9
However, since Miller’s rule is derived solely from the electricdipole nonlinear oscillator model, this rule cannot be directly
applied to metamaterials, where the magnetic polarizability can
be signiﬁcant. Clearly, the higher order multipolar contributions
in the nonlinear response need to be carefully accounted for.
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nonlinear response of the ﬁshnets has also been experimentally
studied for optical switching with fast30 or slow nonlinearities,31
as well as for SHG and THG.8,32 Reference 32 has been
focused on the exploration of harmonic contributions diﬀerent
from the electric dipole through angular-dependent THG
measurements. However, only indirect evidence of nondipolar
nonlinear terms was provided. A direct quantiﬁcation of the
higher order multipolar terms in the THG process is still
missing.
To provide a quantitative experimental analysis of the
harmonic generation process in magnetic metamaterials, we
fabricate a sample of a ﬁshnet metamaterial using electron beam
lithography. The metamaterial consists of a trilayer Au/MgF2/
Au structure perforated periodically with holes. Figure 1a shows
the dimensions of the unit cell; and the inset in Figure 1b
shows a scanning electron micrograph of the structure. We
measure the transmission and reﬂection spectra of the ﬁshnet
structure in order to determine its resonant absorption and
hence to identify the position of the magnetic resonance (see
Figure 1b). Measurements have been performed for both
principal linear polarizations. The magnetic properties of the
ﬁshnet metamaterials are present only for horizontal polarization33 (as marked in Figure 1b), while for vertical
polarization the structure is not resonant and has low
transmission. The resonance in the absorption spectrum was
found to be around 1450 nm and is associated with a magnetic
resonance in the structure. In our experiments we optically
pump the ﬁshnet metamaterial at a fundamental wavelength of
1556 nm, which is on the long-wavelength side of the maximal
absorption wavelength, however within the resonance width.
We also experimentally determine the eﬀective refractive
index as well as the electric and magnetic surface polarizabilities
of the metamaterial for linear horizontal polarization. For this
purpose we measure the amplitude and phase of both
transmission and reﬂection using interferometry methods
similar to ref 34 (see Figure S1 in the Supporting Information).
The phase measurements are performed in the spectral range
1530−1605 nm, which is deﬁned by the spectral range of our
CW laser light source, used for the interferometry. We then use
inverted Fresnel equations to extract the eﬀective refractive
index35 and surface polarizabilities36 of the structure (see details
in the Supporting Information). In particular, we ﬁnd that at
the pump wavelength of 1556 nm, the structure exhibits
negative magnetic polarizability and a negative refractive index
of n = −0.62.
We next numerically calculate the linear response of the
ﬁshnet structure in the spectral range of 1300−1600 nm using
Lumerical FDTD solutions (see Figure S2 of the Supporting
Information). Figure 2 depicts the calculated electric ﬁeld
magnitude inside the ﬁshnet metamaterial at the fundamental
wavelength of 1556 nm, showing 23-fold enhancement of the
local ﬁeld inside the middle dielectric layer (in comparison to
the incident ﬁeld). Figure 2a illustrates the electric ﬁeld
magnitude in the xy cross section, placed in the middle of the
MgF2 layer. The dashed white line shows the location of the
rectangular hole. The xz cross section of the electric ﬁeld
magnitude is shown in Figure 2b. The cross section is taken
through the center of the hole. The ﬁeld distribution indicates
that a standing wave is formed in the center of the dielectric
layer by two plasmon currents, propagating in opposite
directions at the interfaces between top and bottom gold
layers and the dielectric slab (visualized by the vectorial E-ﬁeld
distribution in Figure 2b). These plasmon currents in the Au

the constituents of the metasurface shows that the observed
third-harmonic radiation of the ﬁshnet sample is a result of the
interference between the magnetic and electric multipolar
contributions of the nonlinear material polarization. Our results
give direct evidence of the higher order multipolar contribution
to the harmonic generation from magnetic metamaterials.

■

EXPERIMENTAL ARRANGEMENTS
The analysis of the linear radiation pattern from optical
nanoantennas has been recently used as an experimental tool to
identify the superposition of the involved electric and magnetic
multipolar contributions.18−20 Such analysis should also be
applicable for the case of the nonlinear (second and third
harmonic) emission;21−25 however the experimental characterization of the nonlinear multipolar radiation from nanoantennas
is still lacking. A Fourier analysis of the second-harmonic
radiation from multipolar nanoantennas was recently performed in refs 26 and 27; however the multipolar contributions
of this emission were not established. Here we perform such
analysis, for the ﬁrst time, to identify the multipolar origin of
the harmonic generation process in metamaterials with
magnetic response.
In our studies we use a metal−dielectric−metal ﬁshnet
structure in the spectral vicinity of the optically induced
magnetic resonance (Figure 1). The ﬁshnet metamaterials are
exemplary metamaterial structures with a well-studied linear
magnetic response28,29 obtained due to the excitation of
antiparallel currents in the top and bottom metal layers. The

Figure 1. (a) Geometry of our ﬁshnet metamaterial. The sizes are p =
500 nm; a = 350 nm; b = 190 nm; h1 = h3 = 20 nm; and h2 = 25 nm.
(b) Measured transmission (black curve), reﬂection (blue curve), and
absorption (red curve) spectra of the ﬁshnet for horizontal polarization
of the incident light (i.e., electric ﬁeld is parallel to the short side of the
rectangular holes). The inset shows a scanning electron micrograph
image of the fabricated sample. The vertical dashed line indicates the
spectral position of the fundamental wavelength of the laser used in
the THG setup.
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layers together with the displacement currents running through
the MgF2 spacer layer form an eﬀective optical magnetic
response under the incident pump excitation. This is conﬁrmed
by the extraction of the eﬀective index of the ﬁshnet structure,35
which becomes negative at the position of the absorption
resonance, including the position of the fundamental wave (see
Figure S3 of the Supporting Information). We use numerical
results to calculate the eﬀective refractive index of the structure
and ﬁnd that it matches well with the experimental values as
seen in Figure S3 of the Supporting Information.
Next, we investigate the THG in our ﬁshnet metamaterial.
The THG nonlinear process is independent of the symmetry
(centrosymmetric or anisotropic) of the constituent materials
of the structure, which makes it attractive for the investigation
of nonlinear optical phenomena in nanophotonics. The THG
process is also extremely sensitive to the nanostructure
resonances, which enhance the local electric ﬁeld;37−41
therefore we also expect enhanced nonlinear response from
our ﬁshnet metamaterials in the vicinity of its resonances. In
our study we use the experimental setup depicted in Figure 3. A
femtosecond Er3+-doped ﬁber laser (∼500 fs, repetition rate of
5 MHz) with a central wavelength of 1556 nm is used as a
pump. The short femtosecond pulses allow achieving strong
peak intensity and low average power at the same time, which
prevents thermal damage of the sample. The pump laser beam
passes through a combination of both quarter- and halfwaveplates, which provides linear output polarization with
controllable orientation.

Figure 2. Calculated electric ﬁeld magnitude (normalized to the
incident ﬁeld amplitude) inside the ﬁshnet sample at the pump
wavelength. (a) xy cross section of the ﬁeld taken through the center
of the MgF2 layer. The dashed line shows the location of the
rectangular hole. (b) xz cross section taken through the center of the
hole.

Figure 3. (a) Pump polarization dependency of the THG signal in polar coordinates. The zero angle corresponds to the case where the pump
polarization is in the x direction. (b) Pump power dependency of the THG signal. The THG signal power as a function of the pump power, shown
in a log scale, reveals a linear relation of y = ax + c, where a = 2.9 ± 0.1, which matches the expected cubic relation between the pump and the THG
signal power. (c) Measured THG and pump spectra (normalized to max value). The red curve represents the pump spectrum; the red x-axis is
centered at the pump wavelength (1556 nm). The blue curve depicts the spectrum of the observed third harmonic on an axis corresponding to onethird of the fundamental wavelength. (d) Scheme of the experimental setup. The polarization of the pump beam is manipulated by a half-waveplate.
The THG is generated and observed by a confocal microscopic setup. The bandpass ﬁlter at the THG wavelength is used for the radiation pattern
imaging.
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An infrared objective lens (Olympus LCPlanN 100×, NA =
0.85) is used to focus the pump laser beam onto the sample top
gold surface to a diameter of ∼2 μm, exciting approximately 12
unit cells of the structure (see details in the Supporting
Information). The output emission pattern is then a result of
the superposition of radiation from several localized thirdharmonic emitters, positioned in a periodic array. The THG
signal is collected by a confocal visible objective (Olympus
MPlanFL 50×, NA = 0.8). The metal surface of the sample is
facing the pump laser. Then the third-harmonic radiation is
either launched into a spectrometer (Ocean Optics 6500) or
sent to a Peltier-cooled camera with an inﬁnity-corrected
objective to build a real-space image. For the imaging purposes,
a 520 nm (±10 nm) bandpass ﬁlter is used to transmit the
third-harmonic radiation only, thus preventing unwanted
transmission of the fundamental wavelength from being
captured by the camera. A switchable mirror is used to change
the beam path between the spectrometer and the camera.
Figure 3a shows the dependency of the third-harmonic
intensity versus the direction of polarization of the pump. In
the polar coordinate system the zero angle corresponds to the
horizontally polarized pump, as indicated in the ﬁgure. The
radial coordinate represents the third-harmonic power,
measured by the spectrometer. Figure 3b shows the power
dependency of the THG. The pump power is adjusted with a
continuously variable neutral density ﬁlter and is monitored by
a power meter. The THG power (in a logarithmic scale) obeys
± 0.1
an approximately linear relation that gives us PTHG = CP2.9
pump ,
which matches well the expected cubic relation between the
pump and the THG power. Figure 3c shows the spectra of the
pump (red dashed curve, bottom axis) and THG (blue curve,
top axis). The overlap between the THG and the pump spectra
conﬁrms that the measured signal is indeed a third harmonic
and not photoluminescence from the sample. Note that the
presence of the plasmonic resonances at the fundamental
frequency can substantially change the spectrum of the THG
emission.42 The measured small blue spectral shift of THG
emission (∼1.2 nm) is a consequence of the fact that the
magnetic resonance of the ﬁshnet is blue-shifted in comparison
to the fundamental wavelength.

■

Figure 4. (a) Measured directionality of the THG radiation. The
numerical aperture of the captured THG signal is 0.8. (b) Calculated
BFP image using the multipole model and optimized parameters. (c)
Schematics of the multipole model. We select the ﬁrst terms of the
multipolar series including ED, MD, and EQ, each represented by the
shapes of their radiation pattern. The spatial orientations of the
multipoles are deﬁned by the geometry of the metamaterial. The
electromagnetic ﬁeld of the metamaterial unit cell is the superposition
of the ED, MD, and EQ ﬁelds with complex amplitudes C1, C2, and C3.
The resulting ﬁeld is an interference of the emission from several unit
cells illuminated with the focused pump beam.

where x is the vector from the origin (0, 0, 0) to a certain point
(x1, x2, x3) in the far zone, n is the unity vector in the direction
of x, r is the length of x, x′ is the vector from the origin to a
certain source point, and J(x)′ is the current density.43
The ﬁrst term gives the electric dipole (ED) radiation:

RESULTS AND ANALYSIS

To analyze the nonlinear properties of the ﬁshnet sample, we
measure the directionality of the third-harmonic radiation. A
switchable Bertrand (back focal plane, BFP) lens is used to
capture the Fourier space image of the third-harmonic radiation
(i.e., the angular distribution of the radiation pattern), as
illustrated in Figure 3d. In this way we can build a BFP image of
the THG on our camera. We observe three distinct maxima
located along the x direction, as seen in Figure 4a. The circular
boundary around the ﬁgure represents the numerical aperture
of our system, which equals 0.8. That corresponds to a 33°
maximal propagation angle inside the substrate.
In order to gain a deeper insight into the origin of the THG
radiation pattern, we use the multipole model to analyze its
spatial structure. For this we start with expansion of the vector
potential in the far zone (kr ≫ 1) in powers of k considering
the dimension of the source to be small compared to the
wavelength (kd ≪ 1):
lim A(x) =

kr →∞

μ0 e ikr
4π r

∑
n

( −ik)n
n!

∫ J(x′)(n·x′)n d3x′

HED =

ck 2
e ikr
(n × p)
4π
r

(2)

where the ED moment p = ∫ x′ρ(x′)d x′, ρ(x′) is the charge
density distribution, and Z0 = μ0 /ϵ0 is the free space
impedance.
The next terms of the expansion give a magnetic dipole
(MD) and an electric quadrupole (EQ) response. The MD
term can be written as
3

HMD =

k2
e ikr
(n × m) × n
4π
r

(3)

1

where m = 2 ∫ (x′ × J(x′))d3x′ is the MD moment.
The EQ radiation is represented as
HEQ = −

ick3
e ikr
(n × Q(n))
24π
r

(4)

The vector Q(n) = (Q1, Q2, Q3) is deﬁned as Qα = ∑βQαβnβ,
where α,β = 1, 2, and 3. Qαβ = ∫ (3xα′ xβ′ − r′2δαβ)ρ(x′)d3x′ is the
quadrupole moment tensor.

(1)
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THG process in ﬁshnet metamaterials. Our results show that
the nonlinear emission is indeed a superposition of several
multipoles with a strong contribution from the electric
quadrupole and magnetic dipole modes.
Our method of optical diagnostics provides a fast and
convenient way to acquire the information on materials’
nonlinear responses and links the nonlinear behaviors of the
materials to their intrinsic properties. This paves the way
toward the designs of various functional ultracompact nonlinear
optical devices, including devices for highly directional
nonlinear emission based on the coherent superposition of
higher order multipoles such as nonlinear holograms.

The spatial orientations of the multipoles can be predeﬁned
by the simulated ﬁeld results in Figure 2. The electrons in the
metal layers are considered as oscillators along the xz-plane.
Therefore, the symmetric parallel currents will create ED
radiation, while the antiparallel currents lead to MD radiation.
The antisymmetric charge distribution along the xz-plane gives
rise to the EQ with only Qxz = Qxz ≠ 0. The corresponding
radiation patterns of the considered multiple terms are shown
in Figure 4c.
The electromagnetic ﬁeld of the THG could be considered as
the coherent superposition of the ﬁelds emitted by various
multipoles. Considering only the ﬁrst three terms, the total ﬁeld
can be written as Hmulti = C1HED + C2HMD + C3HEQ, where Cα
are complex coeﬃcients. The electric ﬁeld is Emulti = Z0Hmulti ×
n. In these equations the relative amplitudes and phase of the
multipoles are ﬁtting parameters. Then the radiation pattern
could be calculated via the time-averaged Poynting vector given
1
by ⟨S⟩ = 2 Re(Emulti × H*multi). The radiation power distribution can be written as the power radiated per unit angle:
dP
= n ·⟨S⟩r 2 .
dΩ
Due to the larger size of the focal spot of the pump laser
(diameter of around 2 μm) in comparison to the period of the
ﬁshnet (0.5 μm) in our analysis, we also consider the nonlinear
emission from an array of third-harmonic emitters: the central
unit cell and the second nearest neighbors. The multipole
model also takes this array eﬀect into account by considering
each unit cell as an individual multipolar emitter. Their phases
and amplitudes are deﬁned by the Gaussian beam proﬁle of the
pump with a corresponding waist size. We also take into
account the eﬀect of the substrate on the eﬀective period of the
emitter array. Then the resulting ﬁeld takes the form
Harray (x) = e−sn

2

/w2

■
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∑ H multi(x − sn)
sn
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(5)

where sn is the vector from the origin to the location of the nth
element of the array and w is the beam waist size.
From our analysis we obtain that the THG emission is a
coherent superposition of an electric dipole, a magnetic dipole,
and an electric quadrupole mode. The amplitude ratios of the
multipolar modes are AED/AEQ = 1.58 and AMD/AEQ = 1.33.
Since our experimental measurements provide us only with the
intensities of THG, we could not uniquely identify the set of
relative phases. Therefore, our multipolar analysis results in two
sets of phase diﬀerences that give identical results (for the same
amplitude ratios). One set is φED − φEQ = −0.25π and φMD −
φEQ = 0.92π, while the other set is φED − φEQ = −0.75π and
φMD − φEQ = 0.08π. The calculated Fourier space image of the
multipolar radiation is shown in Figure 4b and agrees very well
with the experimental measurements. These results also agree
qualitatively with an earlier theoretical study on the
complementary metal−dielectric−metal structures.17
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